We study the behavior of the Uhlmann connection in systems of fermions undergoing phase transitions. In particular, we analyze some of the paradigmatic cases of topological insulators and superconductors in 1D, as well as the BCS theory of superconductivity in 3D. We show that the Uhlmann connection signals phase transitions in which the eigenbasis of the state of the system changes. Moreover, using the established fidelity approach and the study of the edge states, we show the absence of thermally driven phase transitions in the case of topological insulators and superconductors. We clarify what is the relevant parameter space associated with the Uhlmann connection so that it signals the existence of order in mixed states. In addition, the study of Majorana modes at finite temperature opens the possibility of applications in realistic stable quantum memories. Finally, the analysis of the different behavior of the BCS model and the Kitaev chain, with respect to the Uhlmann connection, suggested that in realistic scenarios the gap of topological superconductors could also, generically, be temperature-dependent.
INTRODUCTION
Topological phases of matter are a subject of active research during the last decades, as they constitute a whole new paradigm in condensed matter physics. In contrast to the well-studied standard quantum phases of matter, described by local order parameters (see for example Anderson's classification [1] ), the ground states of topological systems are globally characterized by topological invariants [2] [3] [4] [5] . Hamiltonians of gapped systems with different topological orders cannot be smoothly transformed from one into the other unless passing through a gap-vanishing region of criticality. In particular, insulators and superconductors with an energy gap exhibit topological orders and are classified according to the symmetries that their Hamiltonians possess [6, 7] , namely Time Reversal, Particle-Hole and Chiral symmetry. As opposite to the standard Landau symmetry breaking theory of quantum phase transitions (PTs), in topological PTs the symmetries of the Hamiltonian are not violated. For a topological PT to occur, that is a gapped state of the system to be deformed in another gapped state in a different topological class, the energy gap has to close. In other words, the quantum state of the system undergoing a topological PT is gapless. A manifestation of the topological order of a system is the presence of robust symmetry-protected edge states on the boundary between two distinct topological phases, as predicted by the bulk-to-boundary principle [8] .
A question that naturally arises is whether there is any kind of topological order at finite temperatures, and different approaches have been used to tackle this problem [9, 10] . One of the most promising approaches is based on the work of Uhlmann [11] , who extended the notion of geometrical phases from pure states to density matrices. The concept of the Uhlmann holonomy, and the quantities that can be derived from it, were used to infer PTs at finite temperatures [12] [13] [14] [15] [16] [17] . Nevertheless, the physical meaning of these quantities and their relevance to the observable properties of the corresponding systems stay as an interesting open question [18] [19] [20] . There exist several proposals for the observation of the Uhlmann geometric phase [21] [22] [23] and an experimental realization has been reported in [24] .
Information-theoretic quantities such as entanglement measures [25] [26] [27] and the fidelity, a measure of distinguishability between two quantum states [28] [29] [30] [31] [32] , were extensively used in the study of PTs. Whenever there is a PT, the density matrix of a system changes significantly and therefore, a sudden drop of the fidelity F (ρ, σ) ≡ Tr √ ρσ √ ρ, signals out this change. The fidelity, is closely related to the Uhlmann connection, through the Bures metric [33] . Therefore, they can both be used to infer the possibility of PTs, as in [16] (for the pure-state case of the Berry phase, see [34, 35] ).
We analyze the behavior of the fidelity and the Uhlmann connection associated to thermal states in fermionic systems. We consider the space consisting of the parameters of the Hamiltonian and the temperature, as it provides a physically sensible base space for the principal bundle, describing the amplitudes of the density operator. We study paradigmatic models of 1D topological insulators (TIs) (Creutz Ladder [36, 37] and Su-Schrieffer-Heeger [38] models) and superconductors (TSCs) (Kitaev chain [39] ) with chiral symmetry. We conclude that the effective temperature only smears out the topological features exhibited at zero temperature, without causing a thermal PT. We also analyze the BCS model of superconductivity [40] , previously studied in [16] , by further identifying the significance of thermal and purely quantum contributions to PTs, using the fidelity and the Uhlmann connection. In contrast to the aforementioned nontrivial topological systems, both quantities indicate the existence of thermal PTs.
This Letter is organized as follows: first, we elaborate on the relationship between the fidelity and the Uhlmann connection and motivate their use in inferring PTs, both at zero and finite temperatures. In the following section, we present our results on the fidelity and the Uhlmann connection for the aforementioned systems and discuss the possibility of temperature driven PTs. In the last section we summarize our conclusions and point out possible directions of future work.
FIDELITY AND THE UHLMANN PARALLEL TRANSPORT
Given a Hilbert space, one can consider the set of density matrices with full rank (e.g. thermal states) and the associated set of amplitudes (generalization to the case of the sets of singular density matrices with fixed rank is straightforward). For a state ρ, an associated amplitude w satisfies ρ = ww † . Thus, there exists a unitary (gauge) freedom in the choice of the amplitude, since both w and w = wU , with U being an arbitrary unitary, are associated to the same ρ. Two amplitudes w 1 and w 2 , corresponding to states ρ 1 and ρ 2 , respectively, are said to be parallel in the Uhlmann sense if and only if they minimize the Hilbert-Schmidt distance
where U is the unitary associated to the polar decomposition of √ ρ 2 √ ρ 1 , and the penultimate step is the CauchySchwartz inequality. Hence, the equality holds if and only if U (U 1 U † 2 ) = I. Note that in this case, also the first equality holds, and we have Re w 1 , w 2 = w 1 , w 2 ∈ R + , which provides yet another interpretation of the Uhlmann parallel transport condition as a generalization of the Berry pure-state connection: the phase, given by Φ U = arg w 1 , w 2 , is trivial, i.e., zero.
Given a curve of density matrices γ : [0, 1] t → ρ(t) and the initial amplitude w(0) of ρ(0), the Uhlmann parallel transport gives a unique curve of amplitudes w(t) with the property that w(t) is parallel to w(t+δt) for an infinitesimal δt (the horizontal lift of γ). The length of this curve of amplitudes, according to the metric induced by the Frobenius inner product, is equal to the length, according to the Bures metric (which is the infinitesimal version of the Bures distance
, of the corresponding curve γ of the density matrices. This shows the relation between the Uhlmann connection and the fidelity (for details, see for example [11, 41] ).
We see that the "Uhlmann factor" U , given by the polar decomposition ρ(t + δt) ρ(t) = | ρ(t + δt) ρ(t)|U , characterizes the Uhlmann parallel transport. For two close points t and t + δt, if the two states ρ(t) and ρ(t + δt) belong to the same phase, one expects them to almost commute, resulting in the Uhlmann factor being approximately equal to the identity, ρ(t + δt) ρ(t) ≈ | ρ(t + δt) ρ(t)|. On the other hand, if the two states belong to two different phases, one expects them to be drastically different (confirmed by the fidelity approach), both in terms of their eigenvalues and/or eigenvectors, potentially leading to nontrivial U = I (see the previous study on the Uhlmann factor and the finite-temperature PTs for the case of the BCS superconductivity [16] ). To quantify the difference between the Uhlmann factor and the identity, and thus the nontriviality of the Uhlmann connection, we consider the following quantity:
Note that ∆ = Tr | ρ(t + δt) ρ(t)|(I − U ) . When the two states are from the same phase we have ρ(t) ≈ ρ(t + δt), and thus ∆ ≈ 0. Otherwise, if the two states belong to different phases, and the Uhlmann factor is nontrivial, we have ∆ = 0. Thus, sudden departure of ∆ from zero (for δt << 1) signals the points of PTs. Since both the Uhlmann parallel transport and the fidelity give rise to the same metric (the Bures metric), the non-analyticity of ∆ is accompanied by the same behaviour of the fidelity. Note that the other way around is not necessarily true: in case the states commute with each other and differ only in their eigenvalues, the Uhlmann connection is trivial, and thus ∆ = 0. In order for the Uhlmann connection and the fidelity to be in tune, they must be taken over the same base space. In previous studies [13] , an Uhlmann connection in 1D translationally invariant systems was considered. The base space considered is the momentum space and the density matrices are of the form {ρ k := e −βH(k) /Z : k ∈ B}, where H(k) = E(k) n(k) · σ/2 and B is the first Brillouin zone. Since we are in 1D, there exists no curvature and hence the holonomy along the momentum space cycle becomes a topological invariant (depends only on the homotopy class of the path). It was found that the Uhlmann geometric phase Φ U (γ c ) along the closed curve given by γ c (k) = ρ k , changes abruptly from π to 0 after some "critical" temperature T U . Namely, the Uhlmann phase is given by
where w(k) is the horizontal lift of the loop of density matrices ρ k , and U (γ c ) is the Uhlmann holonomy along the first Brillouin zone. This temperature, though, is not necessarily related to a physical quantity that characterizes a system's phase. It might be the case that the Uhlmann phase is trivial, Φ U (γ c ) = 0, while the corresponding holonomy is not, U (γ c ) = I. For the systems studied in [13] , the Uhlmann holonomy is a smooth function of the temperature and is given, in the basis in which the chiral symmetry operator is diagonal, by:
where ϕ(k) is the polar angle coordinate of the vector n(k) lying on the equator of the Bloch sphere. Note that lim T →0 U (γ c ) = e −iνπσz , with the Berry phase being Φ B = lim T →0 Φ U = νπ, and ν the winding number. While in this case the Uhlmann phase suffers from an abrupt change (step-like behaviour), the Uhlmann holonomy is smooth and there is no PT-like behaviour.
In the paradigmatic case of the quantum Hall effect, at T = 0, the Hall conductivity is quantized in multiples of the first Chern number of a vector bundle in momentum space through several methods. For example, one can use linear response theory or integrate the fermions to obtain the effective action of an external U(1) gauge field. The topology of the bands appears, thus, in the response of the system to an external field. It is unclear, though, that the former mathematical object, the Uhlmann geometric phase along the cycle of the 1D momentum space, has an interpretation in terms of the response of the system. In order to measure this Uhlmann geometric phase, one would have to be able to change the quasi-momentum of a state in an adiabatic way. In realistic setups, the states at finite temperatures are statistical mixtures over all momenta, such as the thermal states considered, and realizing closed curves of states ρ k with precise momenta changing in an adiabatic way seems a tricky task. The fidelity computed in our Letter though, refers to the change of the system's overall state, with respect to its parameters (controlled in the laboratory much like an external gauge field), and is related to an, a priori, physically relevant geometric quantity, the Uhlmann factor U . The quantity ∆ = Tr | ρ(t + δt) ρ(t)|(I − U ) contains information concerning the Uhlmann factor, since U = U (t + δt)U † (t), where
A(dρ/ds)ds is the parallel transport operator and A is the Uhlmann connection differential 1-form (for details, see [42] ).
THE RESULTS
In our analysis we probe the fidelity and ∆ with respect to the parameters of the Hamiltonian describing the system and the temperature, independently. We perform this analysis for paradigmatic models of TIs (SSH and Creutz ladder) and TSCs (Kitaev Chain) in 1D. We analytically calculate the expressions for the fidelity and ∆, for thermal states ρ = e −βH /Z, where β is the inverse temperature (see SM1 for the details of the derivation). We use natural units: = k B = 1.
Here we focus on the Creutz Ladder model, while the results for SSH and the Kitaev chain are presented in SM2, since they are qualitatively the same. The Hamiltonian for the Creutz Ladder model [36, 37] is given by
where a i , b i , with i ∈ Z, are fermion annihilation operators, K and M are hopping amplitudes (horizontal/diagonal and vertical, respectively) and e iφ is a phase factor associated to a discrete gauge field. We take 2K = 1, φ = π/2. Under these conditions, the system is topologically nontrivial when M < 1 and trivial when M > 1. Given two close points (M, T ) and (M , T ) = (M +δM, T +δT ), we compute F (ρ, ρ ) and ∆(ρ, ρ ) between the states ρ = ρ(M, T ) and ρ = ρ(M , T ). To distinguish the contributions due to the change of Hamiltonian's parameter and the temperature, we consider the cases δT = 0 and δM = 0, respectively, see We see that for T = 0 both fidelities exhibit a sudden drop in the neighbourhood of the gap-closing point M = 1, signalling the topological quantum PT. As temperature increases, the drops of both fidelities at the quantum critical point are rapidly smoothened towards the F = 1 value. This shows the absence of both finite-temperature parameterdriven, as well as temperature-driven (i.e., thermal) PTs. The plot for ∆, for the case δT = 0, shows a behavior similar to that of the fidelity, while for δM = 0 we obtain no information, as ∆ is identically equal to zero, due to the triviality of the Uhlmann connection associated to the mutually commuting states (a consequence of the Hamiltonian's independence on the temperature). ∆ is sensitive to PTs for which the state change is accompanied by a change of the eigenbasis (in contrast to fidelity, which is sensitive to both changes of eigenvalues and eigenvectors). For TIs and TSCs, this corresponds to parameter-driven transitions only.
We further study a topologically trivial superconducting system, given by the BCS theory, with the effective Hamiltonian
where ε k is the energy spectrum, µ is the chemical potential, ∆ k is the superconducting gap, c k ≡ c k↑ and c −k ≡ c −k↓ are operators annihilating, respectively, an electron with momentum k and spin up and an electron with momentum −k and spin down. The gap parameter is determined in the above mean-field Hamiltonian through a self-consistent mass gap equation and it depends on the original Hamiltonian's coupling associated to the lattice-mediated pairing interaction V, absorbed in ∆ k (for more details, see [16] ). The solution of the equation renders the gap temperaturedependent. In Fig. 2 , we show the quantitative results for the fidelity and ∆. We observe that both quantities show the existence of thermally driven PTs, as their abrupt change in the point of criticality at T = 0, survive and drift, as temperature increases. Unlike TSCs, in this model the temperature does not only appear in the thermal state, but it is also a parameter of the effective Hamiltonian, resulting in the change of the system's eigenbasis and consequently nontrivial Uhlmann connection. For a detailed analysis and the explanation of the differences between the two, see SM4.
The fidelity for thermal states ρ when probing the parameter of the Hamiltonian δV = V − V = 10 −3 (left) and the temperature δT = T − T = 10 −3 (center left), and the Uhlmann connection (center right and right, respectively), for BCS superconductivity.
Finally, we also studied the behavior of the edge states for the TIs and the Majorana modes for the Kitaev chain, on open chains of 500 and 300 sites, respectively. In the case of TIs, we showed that the edge states localized at the boundary between two distinct topological phases, present at zero temperature, are gradually smeared out with the temperature increase, confirming the absence of temperature-driven PTs (see SM3
. Similarly, we showed that the Majorana modes exhibit an abrupt change at the zero-temperature point of the quantum PT, while the finite-temperature behavior is smooth, confirming the results obtained through the fidelity and the Uhlmann connection analysis (see SM3.2). In the case of zero-temperature, Majorana modes of the Kitaev model are known to be good candidates for encoding qubit states in stable quantum memories, see [43, 44] and references therein. The presence of robust Majorana modes at low, but finite, temperatures is a significant property which could be used in designing stable quantum memories in realistic setups.
Conclusions and Outlook
We studied the relationship between the fidelity and the Uhlmann connection over the system's parameter space (including parameters of the system's Hamiltonian and temperature) and found that their behaviors are consistent whenever the variations of the parameters produce variations in the eigenbasis of the density matrix. By means of this analysis, we showed the absence of temperature-driven PTs in 1D TIs and TSCs. We clarified that the Uhlmann geometric phase considered in momentum space is not adequate to infer such PTs, since it is only a part of the information contained in the Uhlmann holonomy. Indeed, this holonomy, as a function of temperature, is smooth (Eq. (4)), hence no PT-like phenomenon is expected. Furthermore, we performed the same analysis in the case of BCS superconductivity, where, in contrast to the former systems, thermally driven PTs occur and are captured by both the fidelity and the Uhlmann connection. This shows that, when changing the temperature, the density operator is changing both at the level of its spectrum and its eigenvectors. We analyzed in detail the origin of the differences between the BCS and the Kitaev chain and suggested that in realistic scenarios the gap of topological superconductors could also, generically, be temperature-dependent.
Finally, we would like to point out possible future lines of research. The study of Majorana modes at finite temperature suggests that they can be used in achieving realistic quantum memories. This provides a relevant path for future research. Another related subject is to perform the same analysis using an open system approach where the system interacts with a bath and eventually thermalizes. There the parameter space would also include the parameters associated to the system-bath interaction. The fidelity between two states ρ and ρ is given by
We consider unnormalized thermal states ρ = exp(−βH) and ρ = exp(−β H ). At the end of the calculation one must, of course, normalize the expression appropriately. We wish to find closed expressions for the thermal states considered in the main text. In order to do that we will proceed by finding e C , such that
for A = −βH, B = −β H and, ultimately, take the square root of the result. The previous equation is equivalent to
The Hamiltonians H and H are taken to be of the form h · σ, and thus we can write
where all the coefficients are real, with the following constraints:
which are equivalent to TrA = TrB = TrC = 0, since Pauli matrices are traceless. Let us proceed by expanding the LHS and the RHS of Eq.(9),
Now, collecting terms in 1, σ and i σ, we get a system of linear equations on c 0 and c,
The third equation from (13) can be written as a × ( b − c) = 0, whose solution is given by c = b + λ a, where λ is a real number. This means that the solution depends only on two real parameters: c 0 and λ. Hence, we are left with a simpler system given by,
Or,
In matrix form, the above system of equations can be written as
Inverting the matrix, we get
where we used the constraints (11) . Because of the constraints, c 0 and λ are not independent, namely, e C = c 0 + ( b + λ a) · σ, and we get
Now we want to make A = −βH/2 ≡ −ξ x · σ/2 and B = −β H ≡ −ζ y · σ, with x 2 = y 2 = 1 and ξ and ζ real parameters, meaning,
If we write C = ρ z · σ (because the product of matrices with determinant 1 has to have determinant 1, it has to be of this form),
For all the expressions concerning fidelity, we wish to compute Tr(e C/2 ) = 2 cosh(ρ/2). If we use the formula cosh(ρ/2) = (1 + cosh(ρ))/2, we obtain,
Hence, if we let ξ = βE/2, x = n, ζ = β E /2 and y = n , then
To be able to compute the fidelities, we will just need the following expression relating the traces of quadratic manybody fermion Hamiltonians (preserving the number operator) and the single-particle sector Hamiltonian obtained by projection:
Tr(e −βH ) = Tr(e −βΨ † HΨ ) = det(I + e −βH ).
From the previous results, it is straightforward to derive the following formulae for the fidelities concerning the BG states considered:
where the matrix C k is such that e −C k = e −βH k /2 e −β H k e −βH k /2 and C k = Ψ † k C k Ψ k is the corresponding many-body quadratic operator. To compute ∆(ρ, ρ ) one needs, in addition, Tr √ ρ √ ρ . This can be done along the lines of what was done above, hence we shall omit the proof and just state the result:
2. Results for the other models considered
The Hamiltonian for the SSH model [38] is given by
where c i are fermionic annihilation operators, A, B correspond to the two parts of the dimerized chain and v, w are coupling constants. The change of the difference |v − w| between the two parameters of the Hamiltonian drives the topological phase transition. In particular, the phase transition occurs for |v − w| = 0. ii. Kitaev Chain
The Hamiltonian for the Kitaev Chain model [39] is given by
where µ is the chemical potential, t is the hopping amplitude and ∆ is the superconducting gap. We fix t = 0.5, ∆ = 1, while the change of µ along the sites of the line drives the topological phase transition. In particular, the phase transition occurs at µ = 1 (gap closing point).
FIG. 4:
The fidelity for thermal states ρ, when probing the parameter of the Hamiltonian that drives the topological phase transition δµ = µ − µ = 0.01 (left), and the temperature δT = T − T = 0.01 (center), and the Uhlmann connection, when probing the parameter of the Hamiltonian µ (right), for the Kitaev chain model (topological superconductor).
The edge states
For the case of the Creutz ladder, the Su-Schrieffer-Heeger (SSH) model and the Kitaev chain, when considering the system on a finite-size chain with open boundary conditions, the bulk-to-boundary principle predicts the existence of zero modes localized at the ends of the chain, whenever the bulk is in a topologically non-trivial phase. It is then possible to consider the associated thermal states, ρ = exp(−βH)/Z, and probe the effects of temperature. The study of the Uhlmann connection and the fidelity conducted for the above models suggests that at zero temperature the edge states should exhibit an abrupt change as the system passes the point of quantum phase transition, while at finite temperatures they should smoothly change, slowly being washed away with the temperature increase, as a consequence of the absence of finite-temperature transitions. Below, we first study topological insulators in Subsection 3.1, while in Subsection 3.2 we analyze a topological superconductor given by the Kitaev model, showing the agreement with the above inferred behavior.
Topological Insulators
Let us consider the Creutz ladder model as a representative of topological insulators. In the trivial phase, the spectrum decomposes into two bands of states separated by a gap. At zero chemical potential, the zero-temperature limit of ρ is the projector onto the Fermi sea state |FS , obtained by occupying the lower band. On a topologically non-trivial phase, however, the spectrum is composed of the two bands and the zero modes. At zero chemical potential, the zero temperature limit of ρ is now the projector onto the ground state manifold of H, which is spanned by |FS and additional linearly independent states by creating excitations associated to the zero modes. Since the Fermi sea does not have these edge state excitations (exponentially localized at the boundary) included, the occupation number as a function of position, n i = a † i a i + b † i b i , will see this effect at the boundary of the chain. Indeed, this is what we see in Fig. 5 : the occupation number, as a function of position, drops significantly at the edges in the topologically nontrivial phase. On the other hand, on the topologically trivial side the occupation number stays constant throughout the whole chain (both bulk and the edges).
If we want the thermal state's T = 0 limit to be the Fermi sea, we have to add a very small (negative) chemical potential. It has to be small enough so that the lower band gets completely filled. In the following Fig. 6 , we see that the expectation value Tr(ρn i ) coincides with FS|n i |FS in the T = 0 limit and that the deviation of the occupation number at the edge from that in the bulk gets washed out smoothly as the temperature increases. In fact, in the large temperature limit, the state is totally mixed, implying that the expected value of the occupation number will be constant and equal to 1, as a function of position. Similar situation occurs in the SSH model. We see that the above results in Figs. 5 and 6 coincide with the results obtained by the fidelity analysis. Moreover, they, too, confirm the results based on the study of the Uhlmann connection in terms of the quantity ∆.
Topological Superconductors
As far as the superconducting Kitaev model is concerned, the chemical potential is a parameter of the Hamiltonian and we cannot lift the zero modes from the zero-temperature limit of ρ with the above method. Moreover, the Kitaev Hamiltonian does not conserve the particle number, and adding chemical potential associated to the total particle number would not lift the zero modes even if µ were not a parameter of the Hamiltonian. Note though, that the total number of Bogoliubov quasi-particles which diagonalize the Hamiltonian is conserved. Hence, we add a very small (negative) chemical potential associated with the total quasi-particle number, thereby lifting the Majorana zero modes energy. Notice that in the case of topological insulators this procedure coincides with the one applied above: since the Hamiltonian conserves the total particle number, and the quasi-particle creation operators are linear combinations of just the particle creation operators (and not of the holes as well), the total quasi-particle and particle numbers coincide. We found that the good quantity to be studied is not the occupation number as a function of the position in the chain, but the ratio between the average particle occupation number at the edge and the average particle occupation number at the bulk f (µ; T ) = n edge / n bulk (without loss of generality, we have chosen for n bulk the site in the middle of the chain, since it is approximately constant throughout the bulk). In Fig. 5 The results are consistent with the behavior inferred by the Uhlmann connection (and the fidelity): Majorana modes exhibit an abrupt change at zero temperature (a signature of the quantum phase transition), while for fixed finite temperatures they smoothly change with the parameter change, and are slowly washed away with the temperature increase. Indeed, the behaviour of the finite-temperature curves is smooth, while the zero-temperature quench-like curve is expected to develop a discontinuity at µ = 1 in the thermodynamic limit (see for example Fig.4(b) and the respective discussion in [45] ). To show this more accurately, one needs considerably higher computational power to probe chain lengths of much higher orders of magnitude, a relevant future direction of work.
We note that this new method to study Majorana modes is more general and also applicable in the case of insulators. The results obtained for topological insulators using this new method lead to the same qualitative conclusion regarding the behavior of the edge states (consistent with our previous results). In order to avoid repetition, we omit presenting the respective results.
In general, the behavior of the edge states and the associated Majorana modes show an interesting property of the systems which, at finite temperatures, despite the absence of phase transitions, they keep exhibiting their topological features even on the "trivial side" of the phase diagram (for parameter values for which on zero temperature the system is topologically trivial). At zero temperature, the Majorana modes are known to be good candidates for qubit encoding, thus they could be used to achieve fault-tolerant quantum computation, see [43, 44] and references therein. Therefore, the aforementioned property of Majorana modes at the low but finite-temperature regime, is potentially significant in constructing stable quantum memories in more realistic scenarios. Furthermore, the existence of stable quantum memories has considerable impact in cryptography [46] [47] [48] [49] [50] .
The Uhlmann connection and the temperature-driven transitions: BCS vs. Kitaev chain
The study of the Uhlmann connection at finite temperatures showed, both for topological insulators (Creutz ladder and SSH models), as well as for topological superconductors (Kitaev model) , that there exist no finite-temperature transitions driven by the Hamiltonians' parameter(s).
Regarding the finite-temperature transitions driven by the temperature, as stated in the manuscript, the Uhlmann connection quantifies the rate of change of a system's eigenvectors. Since this is one of the main points of our work, we here briefly recall the argument presented in the second section (third paragraph) of the main text. Indeed, if the two states ρ and ρ commute, [ρ, ρ ] = 0, we have
Thus, the Uhlmann factor U associated to the two states is trivial, U = I, and consequently ∆(ρ, ρ ) = Tr| √ ρ √ ρ | − Tr √ ρ √ ρ = 0. We see that the Uhlmann connection, and in particular the quantity ∆, quantifying the rate of change of the system's eigenbasis, reflects the quantum contribution to the state distinguishability (see also [33] , equation (3), in which the Bures metric is split into classical and non-classical terms, the first quantifying the change of system's eigenvalues and the second the change of the corresponding eigenvectors). Thus, the Uhlmann connection is trivial in the cases of the topological systems considered, as their Hamiltonians do not explicitly depend on temperature and thus commute with each other.
On the other hand, the mean-field BCS Hamiltonian considered in our paper does explicitly depend on the temperature. Indeed, as the results presented in the Results section of the main paper clearly show, the change of the eigenbasis of the BCS thermal states carries the signature of a thermally driven phase transition (see the bottom right plot of FIG. 2) . Note that, having a purely non-classical contribution, such a temperature driven transition has quantum features as well, which is on its own an interesting consequence of the study of the Uhlmann connection.
It is an interesting question to compare the two cases of superconductors studied, and try to isolate the reasons for such difference. To see why the two cases are different, note that in the case of the BCS superconductivity we consider the mean-field Hamiltonian
in which the gap ∆(V, T ) is a function of temperature. Had we considered a more fundamental "pairing Hamiltonian',' which takes into account the quartic electron interaction mediated by the phonons of the lattice,
the Uhlmann connection would be trivial. The mean-field Hamiltonian is obtained by the BCS decoupling scheme with an averaging procedure setting the effective gap for the mean-field state ρ = e −βH /Z (for simplicity, we assume V kk = −V for k, k close to the Fermi momentum k F , and zero otherwise) to be
In other words, the effective mean-field Hamiltonian (30) is obtained from (31) by expanding c −k c k = c −k c k + δ(c −k c k ) around the suitably chosen superconducting ground state. Thus, H breaks the U(1) particle-number conservation symmetry of H P to a residual Z 2 symmetry, to accommodate the superconducting properties of the system. As a result, the Uhlmann connection becomes sensitive to temperature-driven transitions as well.
On the other hand, the Hamiltonian of the Kitaev model is phenomenological, modelled upon the success of the related BCS mean-field Hamiltonian. In this model, the gap is, for simplicity, considered to be temperature-independent. It would be interesting to probe this assumption in experiments with realistic topological superconducting materials. Our method based on the Uhlmann connection could then be useful in the analysis of such experiments.
The above discussion shows an interesting consequence of our analysis in terms of the Uhlmann connection. The temperature dependence of the BCS mean-field gap originally came as a consequence of a particular formal decoupling scheme. One might thus question whether a gap of a general superconducting material should also a priori depend on the temperature. Our analysis shows that a generic superconducting Hamiltonian of the form of (30) would exhibit temperature-driven transitions, accompanied by the enhanced state distinguishability in terms of the system's eigenbasis, only in the case that the gap does depend on the temperature.
